Algebra 2/Pre-Calculus Name

Lagrange Interpolation (Day 10, Polynomials)

This handout marks the beginning of our unit on polynomials. In this handout, we will learn a
method for finding a polynomial function that matches a list of values that we are given.

1. Suppose a polynomial has the following values: f (1) =-2, f(2)=2,and f(3)=8. Our

goal is to write the equation for a function that has these values. Note: These were the first
three values from one of the challenge problems in the last handout.

a. Let’s start by doing something a little strange. Let’s say that
f(x)=alx-1D)(x-2)+b(x-1)(x-3)+c(x-2)(x -3), where a, b and c are
unknown. What happens if we use this formula to find the value of £(1)?

b. You should have found that f(1) = 2c¢. Here’s why:
J@) =a-DA-2)+b1-D(A-3)+c(1-2)1-3)
= a(0)(=1) + 2(0)(=2) + c(=1)(-2)
=2c
Use the fact that f(1) = 2¢ to find the value of c.

c. You should have found that ¢ = -1. (Since f(1) =-2 and f(1) =2c, we know that
2¢ = -2 so ¢ =-1.) Use a similar approach to find the values of a and b.



d. You should have found that @ =4 and b = -2. What is the formula for f(x)? (Don’t
worry about simplifying it yet.)

e. You should have found that f(x)=4(x-1)(x-2)-2(x - 1)(x =3) = (x = 2)(x - 3).
Now simplify your answer by “multiplying out” and combining like terms. Note: In
this context, “simply”” means put into standard form.

f. We can check our answer using www.wolframalpha.com. Use your computer (or cell
phone) to go to this website. Enter the formula
4(x-1)(x=-2)-2(x = 1)(x —=3) = (x = 2)(x — 3) and press ENTER. A new screen will

appear. Scroll down to “Alternate Forms.” It should read x* + x — 4. Is this what you
got in part e?

g. We have found that f(x) = x” + x — 4. Use this formula to find the values of f(1),
f(2),and f(3).(You may use your calculator to quicken your calculations.) Explain
why these values confirm that our formula is correct.



2. Suppose another function has the following values: g(1) = -30, g(3) =-12, and
2(6) = 45. In this problem, we will use the method we developed in problem 1 to find a
formula for g(x). (This method is called Lagrange Interpolation.)

a.

C.

Back in problem 1a, we started with the equation
f(x)=a(x-1)(x-2)+b(x -1)(x =3)+c(x -2)(x - 3). What sort of equation should
we start with for problem 2?

You should have found that g(x) = a(x —1)(x = 3) + b(x = 1)(x = 6) + c(x = 3)(x - 6).
Now continue following the method you developed in problem 1 to find the values of a,
b, and ¢ and thus to find our formula for g(x). Simplify your answer after you find it.

Check your answer. You should have found that

g(x)=3(x-D(x=3)+2(x-1)(x -6)-3(x -3)(x - 6) =2x" +x - 33



3. Here are some values for another function: 4(-4) = -18, h(-1) = -6, and h(2) =6.

a. Write a formula for 4(x) that includes values of a, b, and c. Be careful: Some of our
x-values are negative.

b. You should have written 4(x) =a(x +4)(x + 1)+ b(x +4)(x —=2) + c(x + 1)(x = 2). Now
find the values for a, b, and c. Note: Some of these values are fractional.

¢. You should have found that 4(x) =3 (x +4)(x + 1) + 3 (x +4)(x - 2) - (x + )(x - 2).
Now multiply this out to find a simplified formula for /(x). (You can check your

answer by using wolframalpha. Enter this formula as
A/3)(x+4)(x+D)+(2/3)(x +4)(x =2) = (x + I)(x — 2) . Make sure that your answer

matches the answer you got using wolframalpha.)



d. You should have found that A(x) = 4x - 2. You might a bit surprised to find that A(x)
is a linear function. Look back at the values we were given for /(x) at the beginning of

the problem. Was there any way we could have used these values to determine that
h(x) was linear? And, if so, was there an easier way to do this problem? Hint: Think

about slope.



4. Suppose we are looking for a function where f(1)=-2, f(2)=2, f(3)=8, and
f4)=12.

a. Notice that the first three values are the same as the values we were given in problem
1. Do you think we will find the same function we found in problem 1?

b. Write a function involving a, b, ¢, and d that we can use to find the formula for f(x).

¢. The formula that we need is
f(X)=alx-D(x-2)(x=-3)+b(x-1)(x-2)(x-4)
+c(x! D(x! 3)(x! 4)+d(x! 2)(x! 3)(x! 4)

Now find the values of a, b, ¢, and d.



d. You should have found that
f(x)=2(x! D)(x! 2)(x! 3)! 4(x! 1)(x! 2)(x! 4)
+(x! D(x! JH(x! 4)+1(x! 2)(x! J)(x! 4)

Enter this function into wolframalpha. What does wolframalpha give as the simplified
form?

e. Does this match the answer from question 1?7 What does this tell us about the answers
we’re getting using this approach? Is there only one function that matches the values
we are given or are there many possible answers?

5. Find the formula for a quadratic polynomial g(x) such that g(! 2) =0, g(3) =0, and
g(0) = 24. You do not need to simply your answer. Hint: Should you use Lagrange
Interpolation for this problem or is there an easier way of approaching it?



6. The best way of approaching problem 5 is to set up the equation g(x) = a(x +2)(x - 3)
and solve for a. You should have found that g(x) = -4(x +2)(x — 3). This was the method
that we studied in our last problem set.

Find the formula for each of the following polynomials. Some of these problems are best

done with the method from problem 5, others are better done by Lagrange Interpolation.

Answers are provided at the end of the problem.

a. Find the equation for a quadratic polynomial that goes through the points (2,0), (! 6,0),
and (4,! 10).

b. Find the equation for a quadratic polynomial that goes through the points (" 3" 28),
(4,"24), and (4,42).



c. Find the equation for a cubic polynomial that goes through the points (-6,0), (-2,0),
(-1,0), and (0,-60).

Answers: a. f(x)=-1(x-2)(x+6)
b. f(x)=2(x+3)(x-D)+2(x+3)(x-4)-(x-1)(x-4)
c. f(x)==-5(x+6)(x+2)(x+1)

. (Optional Challenge) Suppose p(X) is a quadratic polynomial. When p(X) is divided by
X +1 the remainder is -18. When p(X) is divided by x — 2 the remainder is 18. When
p(X) is divided by x — 5 the remainder is 72. What is the formula for p(X) ? Hint:

Remainder Theorem!



